Let M FGL denote the moduli stack of formal groups (always assumed to be commutative and one-dimensional): this can be identified with the functor which assigns, to every commutative ring R, the groupoid M FGL (R) of formal groups over R (and isomorphisms between them). We wish to understand the structure of M FGL . A natural starting point is to identify the points of M FGL ; that is, maps Spec k → M FGL , where k is a field. For these we have the following classification (at least in the case where k is separably closed):
• If k is a separably closed field of characteristic p > 0, then formal groups G over k are classified by an invariant h = h(G), called the height of G. The height of the formal additive group G a is ∞; otherwise h is a positive integer, uniquely determined by the requirement that the (finite) group scheme of p-torsion points of G has rank p h .
• If k is a field of characteristic zero, then every formal group G over k is isomorphic to the formal additive group G a . In this case, we agree by convention that the height of G is equal to zero.
Our interest in the moduli stack M FGL is primarily that it can be used to construct cohomology theories. More precisely, given a commutative ring R and a flat map Spec R → M FGL (classified by a formal group G over R), we can construct a (weakly) even periodic homology theory A. If G admits a coordinate (in other words, if the Lie algebra of G is trivial), then G together with this coordinate are described by a map L → R, where L Z[u 1 , u 2 , . . . , ] is the Lazard ring; in this case A can be described by the formula A 0 (X) = M U * (X) ⊗ L R, where we implicitly use the isomorphism L M U * ( * ) provided by Quillen's theorem. Unfortunately, a geometric point η : Spec k → M FGL is almost never flat (this holds only when k is of characteristic zero). This is consistent with classical geometric intuition: if X is a finite dimensional algebraic variety containing a closed point x, then the inclusion i : {x} ⊆ X is usually not a flat map. However, there is a canonical factorization of i as a composition
where the second map is flat. Here O X,x denotes the completion of the structure sheaf of X at the point x, which encodes the structure of a formal neighborhood of x in X.
There exists an analogous description of a formal neighborhood of η in M FGL . Let G 0 be the formal group over k classified by the map η : Spec k → M FGL . Let R be a local Artin ring with maximal ideal m, and let α : R/m k be an isomorphism. We let C(R) denote the category of pairs (G, α), where G is a formal group over R and α is an isomorphism of G × Spec R Spec k with G 0 . (Here we regard Spec k as an R-scheme via the map α, but suppress mention of this in our notation.) Theorem 0.1 (Lubin, Tate). Let k be a perfect field of characteristic p, and let G 0 be a formal group of height n < ∞ over k. Then:
(1) For every local Artin ring R with residue field k, the groupoid C(R) is discrete (that is, the automorphism group of every object of C(R) is trivial). Let π 0 C(R) denote the set of isomorphism classes of objects of C(R). (2) There exists a complete local Noetherian ring A with residue field (isomorphic to) k and a formal group G over A such that, for every local Artin ring having residue field k, the base change of G induces a bijection
Here Hom 0 (A, R) denotes the subset of Hom(A, R) consisting of local homomorphisms which induce the identity map from k to itself.
where W (k) denotes the ring of (p-typical) Witt vectors of k.
Remark 0.2. We can rephrase assertion (1) of Theorem 0.1 as follows. Let R be a local Artin ring, and G a formal group over R. Suppose that the residue field k of R is a perfect field of positive characteristic, and that G 0 = G × Spec R Spec k has finite height. Then an automorphism of G is trivial if and only if its restriction to G 0 is trivial. Note that this assertion fails drastically if k is of characteristic zero, or if the height of G 0 is infinite: the additive group G a admits a nontrivial action of the multiplicative group R × , and the reduction map R × → k × is usually not injective.
Remark 0.3. The moduli stack M FGL is far from being a scheme, since formal groups over a ring R generally admit many automorphisms. However, assertion (1) of Theorem 0.1 can be interpreted as saying that the "stackiness" of M FGL is not visible in a formal neighborhood of most points of M FGL .
Remark 0.4. Once assertion (2) of Theorem 0.1 has been established, assertion (3) is equivalent to the statement that the ring A is formally smooth over Z. To prove this, one can argue as follows: the moduli stack M FGL admits a (pro)smooth cover by the moduli space M FGL of formal group laws. A theorem of Lazard asserts that M FGL is isomorphic to an infinite dimensional affine space Spec Z[u 1 , u 2 , . . .], which is manifestly (pro)smooth over Spec Z.
Remark 0.5. Using assertion (3) of Theorem 0.1 and Landweber's criterion, it is easy to see that the formal group G over A classifies a flat map Spec A → M FGL .
For applications to elliptic cohomology, it is important to understand the relationship between the moduli stack M FGL of formal group laws and the moduli stack M ell of elliptic curves. There is an evident map ψ : M ell → M FGL , which associates to each elliptic curve E → Spec R the formal completion of E along its identity section. We now analyze the fiber of ψ over a geometric point η : Spec k → M FGL . There are several cases to consider: (a) Let k be of characteristic zero. Without loss of generality, we may assume that η classifies the formal additive group G a . In this case, the fiber product M ell × MFGL Spec k is actually an affine algebraic variety of dimension 2 over k, which classifies elliptic curves E over k equipped with a global 1-form. (b) Let k be a field of characteristic p, and let η classify a formal group of height 1 over k. The fiber product M ell × MFGL Spec k is again a scheme, which is a pro-etale cover of the moduli stack of ordinary elliptic curves defined over k (which is of Krull dimension 1). (c) Let k be a field of characteristic p, and let η classify a formal group of height 2 over k. The fiber product M ell × MFGL Spec k is pro-etale over k: in other words, it is isomorphic to an affine scheme Spec k , where k is an inductive limit of products of separable field extensions of k. The induced map Spec k → M ell surjects onto the locus of supersingular elliptic curves in characteristic p. (d) Let k be a field of characteristic p, and let η classify a formal group of height > 2 over k.
Then the fiber product M ell × MFGL Spec k is empty.
We conclude from this that M ell is a rather good approximation to M FGL in height 2 (that is, near a supersingular elliptic curve), but not elsewhere. In fact, one can prove a stronger assertion of this kind, which describes not only the fiber of the map ψ over a formal group of height 2, but a formal neighborhood of that fiber: Theorem 0.6 (Serre, Tate). Let R be a Noetherian ring, p a prime number which is nilpotent in R, and I an nilpotent ideal in R. Say that an elliptic curve E defined over R (respectively R/I) is everywhere supersingular if, for every residue field k of R (respectively R/I), the fiber product E × Spec R Spec k is a supersingular elliptic curve. Then the diagram of categories
is a homotopy pullback. Here the vertical arrows are given by reduction modulo I, and the horizontal arrows are given by formal completion.
In other words, given an elliptic curve E 0 over R/I and a formal group E over R which give rise to the same formal group over R/I, we can cobble together an elliptic curve E over R lifting E 0 , having formal group E; moreover, E is uniquely determined up to unique isomorphism.
Corollary 0.7. Let E be a supersingular elliptic curve over a perfect field k of characteristic p, classifying a point η : Spec k → M ell . Then the map ψ induces an isomorphism of a neighborhood of η with the formal scheme Spf A, where A W (k) [[v 1 ] ] is the universal deformation ring for the formal group E (see Theorem 0.1).
